The spectral envelope S
Introduction
We let Z, R and C denote the integer, real, and complex numbers and T = R/Z denote the circle group. For any subset F ⊆ Z we define the set of trigonometric polynomials P(F) = { p : T → C : p(x) = ∑ k∈F c k e 2πikx , x ∈ T, c k ∈ C, x∈T |p(x)| 2 dx = 1 } with norm 1 and whose frequencies are in F, and we define the set of probability measures M(F) = { probability measures µ on T : k / ∈ F =⇒ µ(k) = x∈T e −2πikx dµ(x) = 0 } whose frequencies are in F. We identify absolutely continuous measures on T with their Radon-Nikodym derivatives and define s :
Definition 1.1. The spectral envelope S(F) is the weak * closure of s(P(F)).

Lemma 1.2. For F ⊆ Z, m ∈ Z, and τ ∈ T the following equalities hold: S(F + m) = S(F), S(F) + τ = S(F), M(F) + τ = M(F), and S(F) ⊆ M(F − F). M(F) is an ideal in M(Z). If the cardinality |F| of F is finite then s(P(F))
Proof. The first assertions are obvious, the last is implied by Sard's theorem [27] , [28] . [11] and proved by Riesz [25] ,
implies that S(F) = M(F − F). Furthermore S(F) contains the Fejér kernel
These results easily extend to arithmetic sequences whose gap between consecutive points is larger than 1.
The problem of computing p from |p| arises in imaging applications, such as X-ray crystallography, speckle interferometry and holography, where it is called the phase retrieval problem [10] . If p and q are multidimensional trigonometric polynomials or entire functions of exponential type and |p| = |q, then generally either q = cp or q = cp where c ∈ C and |c| = 1, [16] . We propose the following inverse problem:
For an arbitrary subset F ⊆ Z we define the following analogue of the Fejér kernels
If A ⊆ T is Lebesque measurable and has measure λ(A) ∈ (0, 1] and α > 0 is irrational, then Birkoff's ergodic theorem [3] implies that for almost all β ∈ T the set F = { n ∈ Z : n α + β ∈ A } has density λ(A). In this case we have the following weak * limit
If A is a nonempty open set then F is a special case of sets named after Harald Bohr, who initiated the theory of uniformly almost periodic functions [4] , and whose number theoretic properties were studied by Ruzsa ( [12] , Definition 2.5.1). Then χ F is a minimal binary sequence. Another example of a minimal binary sequences was constructed by Thue [30] and Morse [20] . If F is the support of the Morse-Thue minimal sequence then K d (F) converges to a measure with no discrete (delta) function components but whose support has Lebesque measure 0 [1] . This sequence describes the structure of quasicrystals that have been fabricated in laboratories and the measure describes the observed X-ray diffraction spectra of these quasicrystals [21] .
Kadison-Singer Problem
In 1959 Kadison and Singer formulated a yet unsolved problem [15] that emerged from Dirac's formulation of quantum mechanics [8] . Casazza and Tremain [7] proved that a yes answer to their problem is equivalent to the Feichtinger conjecture. A special case of the Feichtinger conjecture is called the Feichtinger conjecture for exponentials. The deepest results in this area are arguably those of Bourgain and Tzafriri [5] , [6] and the recent results of Spielman and Srivastava [29] . Independently and using different methods, Paulson [23] and I [17] derived a relationship between the Feichtinger conjecture for exponentials with the concepts of syndetic sets and minimal sequences that are central to topological dynamics [13] , [14] . In [17] I derived results related to sampling as studied by Olevskii and Ulanovskii in [22] . In [18] I formulated the concept of spectral envelopes and derived its relationships to Feichtingers conjecture for exponentials, presented preliminary numerical results, and outlined approaches to relate spectral envelopes to the spectral theory based on the theory developed by Queffelec in [24] .
Characterizing Spectral Envelopes
In [19] I derived a result that easily implies that S(F) = M(F − F) for a certain family of Bohr sets F. Future work will attempt to extending this result by using the seminal results of Erdös and Turán in [9] concerning the discrepancy of roots of polynomials.
It is easy to give an equivalent definition of spectral envelopes of subsets of any discrete group. Future work will attempt to generalize Feichtinger's conjecture for exponentials in this context and to exploit the exotic properties of groups, such as SL(n, Z), n ≥ 3, that enjoy Kazhdan's Property (T) [2] , to construct a counterexample to this generalization thus showing that the answer to the Kadison-Singer problem is "no".
